Abstract. Classical fundamental groups behave reasonably well for Poincaré spaces (i.e., semi-locally simply connected spaces). One has a construction of the universal covering for such spaces. For arbitrary spaces it is a different matter.
The most fundamental example of a covering is that of the identity function id : P (X) → X from the Peanification P (X) of X to X (see [3] ). P (X) is obtained from X by changing its topology to the one whose basis consist of pathcomponents of open sets in X. id : P (X) → X is a P-covering for the class P of all Peano spaces. Proposition 2.4. If p : E → B is an arc-covering and E is path-connected, then the fibers of p are T 1 spaces.
Proof. A space F is T 1 if each point is closed in it. Equivalently, for any two different points a, b ∈ F there is an open subset of F containing a but not b.
Suppose e 0 , e 1 ∈ p −1 (b 0 ) are two different points such that every neighborhood of e 0 contains e 1 . Choose a path α from e 0 to e 1 in E. Consider the loop β obtained from α by changing the value at 1 from e 1 to e 0 . Notice β is continuous (β −1 (U ) = α −1 (U ) for all open subsets U of E) and is a lift of the same path as α, yet ending at a different point, a contradiction.
2.1. The monodromy group. Suppose p : E → B is an arc-covering and b 0 ∈ B. Any loop α at b 0 induces a function from the fiber F = p −1 (b 0 ) to itself that we denote by x → α · x. Namely, we lift α toα starting at x and we put α · x =α (1) . Notice the function x → α · x is a bijection: it inverse is x → α −1 · x, where α −1 (t) is defined as α(1 − t) (in other words, α −1 is the reverse of α). We say that α acts on F . Notice the composition of α acting on F and β acting on F is the action of the concatenation α * β on F . The basic idea is to identify any two loops that act on F the same way. Remark 2.6. Notice the above equivalence of loops can be easily extended to the concept of equivalence of paths in B starting at b 0 . We will use that equivalence throughout the paper. In particular, by α · x we meanα(1), whereα is the lift of α starting at x. It is easy to show that π(p, b 0 ) and π(p, b 1 ) are isomorphic just as in the case of classical fundamental groups of spaces.
The deck transformation group.
Definition 2.7. Given a map p : E → B its deck transformation group DT G(p) is the group of homeomorphisms h : E → E such that p • h = h. Proposition 2.8. If p : E → B is an arc-covering and E is path-connected, then the group of deck transformations DT G(p) of p acts freely on E.
Proof. Suppose g(e) = e for a deck transformation g. For any x ∈ E pick a path α from e to x. Both α and g • α are lifts of p • α originating at e. Therefore x = α(1) = (g • α)(1) = g(x) and g ≡ id E . Definition 2.9. An arc-covering p : E → B is regular if for any loop α in B all its lifts are either all loops or all non-loops. This is the same as saying that π(B, b 0 ) acts freely on the fiber
Notice that, if B is path-connected, regularity of p depends only on loops at a specific point. If no loop at b 0 ∈ B has mixed lifts, then no loop at another point b ∈ B has mixed lifts. Proposition 2.10. If p : E → B is a regular arc-covering and E is path-connected, then for any e 0 ∈ E there is a natural monomorphism DT G(p) → π(p, b 0 ), b 0 = p(e 0 ). The monomorphism is an isomorphism if DT G(p) acts transitively on the fibers of p.
Proof. For any h ∈ DT G(p) choose a path α h in E from e 0 to h(e 0 ). Since p is a regular arc-covering, the equivalence class [p • α h ] does not depend on the choice of α h . If g ∈ DT G(p), then α g * g(α h ) is a path from e 0 to g(h(e 0 )) and
If DT G(p) acts transitively on the fibers of p and [α] ∈ π(p, b 0 ), then lift α toα and pick a deck transformation h such that h(α(0)) = h(α(1)). Notice h is mapped to α. Problem 2.11. Characterize continuous group actions G on a Peano space E such that the projection p : E → E/G is an arc-covering.
Problem 2.12. Characterize continuous group actions G on a Peano space E such that the projection p : E → E/G is a disk-covering.
Hedgehog coverings
Definition 3.1. A directed wedge (see [3] ) is the wedge (Z, z 0 ) = s∈S (Z s , z s ) of pointed Peano spaces indexed by a directed set S and equipped with the following topology (all wedges in this paper are considered with that particular topology):
(
U is an open neighborhood of z 0 if and only if there is t ∈ S such that
is homeomorphic to (I, 0). The standard arc-hedgehog is the arc-hedgehog over the set of natural numbers N .
A disk-hedgehog is a directed wedge (Z,
A typical construction of an arc-hedgehog and its map to a space X is the following: 
Remark 3.4. If X is first countable (it has a countable basis at each point) in 3.2 or Y is first countable in 3.3, then it is sufficient to use the standard arc-hedgehog only. Corollary 3.6. If B is first countable and p : E → B is an arc-covering with E being a Peano space, then p is an arc-hedghehog covering.
Proof. Suppose b 0 ∈ B and {U n } is a decreasing basis of neighborhoods of b 0 in B. Given e ∈ F = p −1 (b 0 ) and a neighborhood V of e in E, assume that for every n ≥ 1 there is a path α n in p −1 (U n ) joining e to a point e n ∈ E \ V . Consider the infinite concatenation p(α 1 ) * p(α
2 ) * . . . which we assume ends at b 0 . The lift γ of β starting at e cannot be a loop as γ −1 (V ) does not contain any e n . So it ends at a different point of F . Pick a neighborhood W of γ (1) Proof. Suppose U is open in E and e 0 ∈ U . Put b 0 = p(e 0 ) and F = p −1 (b 0 ). By 3.5 there is a path-connected neighborhood V of b 0 such that the path-component of e 0 in p −1 (V ) is a subset of U . Therefore V ⊂ p(U ) (connect e 0 with a path to any point in V and then lift the path -it must be contained in U ).
Here is an important supplement to 2.10:
Theorem 3.9. Suppose p : E → B is an arc-hedgehog covering. If E is a Peano space, then p is regular if and only if the deck transformation group DT G(p) acts transitively on the fibers of p.
Proof. If DT G(p) acts transitively on the fibers of p, then for any two lifts α and β of the same loop in B there is a deck transformation h such that h • α = β. Hence they are either both loops or both non-loops.
Suppose p is regular and e 1 , e 2 ∈ E with p(e 1 ) = e 2 . Given x ∈ E choose a path α x in E from e 1 to x and let β x be the path from e 2 to h(x) with the property p • α x = p • β x . Notice h(x) does not depend on the choice of α x as p is regular.
The reason h is continuous is that h • f is continuous for any map f from an arc-hedgehog to E. Since analogous construction creates the inverse of h, it is a homeomorphism.
Proposition 3.10. Suppose p : E → B is an arc-hedgehog covering of Peano spaces. If B is metrizable, then E is metrizable.
Proof. Denote r-balls in B centered at b by B(b, r). Define d(x, y) as the infimum of r > 0 such that there is a path α from x to y in E with p(
Indeed, p(x) = p(y) and x = y would imply existence of a neighborhood U of p(x) in B such that no path in U can be lifted to a path from x to y (see 3.5) .
The proof of the Triangle Inequality is left to the reader. Given x ∈ U , U open in E, find an r > 0 such that the path component of
Look at the path-component
It must be contained in B d (x, r) which completes the proof.
Proposition 3.11. If p : E → B an arc-hedgehog covering, E is Peano, and B has a countable basis at b 0 , then
Proof. Let {U n } be a basis of open sets at b 0 that forms a decreasing sequence. We plan to show that, given a decreasing sequence {V n } of path-components
V n is not empty. By induction, pick points e n ∈ V n and paths α n in V n joining e n with e n+1 . The infinite concatenation p(α 1 ) * p(α 2 ) * . . . (its end-point is declared to be b 0 ) is a path α in U 1 . Lift α starting at e 1 and notice the end-point of the lift belongs to
Remark 3.12. Combining the proofs of 3.10 and 3.11 one can show E is completely metrizable if B is completely metrizable and both E and B are Peano spaces.
Definition 3.13. Suppose p : E → B is an arc-hedgehog covering of Peano spaces.
Theorem 3.14. Suppose p : E → B is a regular arc-hedgehog covering of Peano spaces. p is trivial at b 0 if and only if the fiber
Proof. One direction is obvious, so assume F has an isolated point e ∈ F . Choose a connected neighborhood U of b 0 in B such that the path component V of p −1 (U ) containing e does not intersect F \ {e}) (see 3.5). Notice p maps V homeomorphically onto U . Indeed, p(V ) = U (lift a path from b 0 to any x ∈ U starting from e to arrive at y ∈ V such that p(y) = x) and p|V has to be injective: if p(y) = p(z) = b for two different points y, z ∈ V , then there is a path β in V from y to z such that p • β is a loop and picking a path γ from e to y in V results in a loop p(γ) * p(β) * p(γ −1 ) in U that has a lift in V starting at e and ending at a different point contrary to V ∩ F = {e}.
Consider another component W of p −1 (U ). Using 3.9 one can see there is a deck transformation h such that h(V ) = W . Therefore p|W : W → U is a homeomorphism as well.
Proposition 3.15. If p : E → B is an arc-hedgehog covering, then p is a diskhedgehog covering if and only if it is a disk covering.
Proof. It only suffices to consider the case p is a disk-covering (the other implication is obvious). Given a map f : H → B from a disk-hedgehog to B and given e ∈ E in the fiber of p over the base-point there is only one candidate for the lift of f . That candidate must be continuous as otherwise we would generate a map from an arc-hedgehog to B that has no lift at e.
The whisker topology
In this section we are generalizing the whisker topology that was introduced in [3] in a special case. a. P (B, b 0 , ∼) is a Peano space and the end-point projection p : P (B, b 0 , ∼) → B has arc-lifting property. b. p is an arc-hedgehog covering if and only if it is an arc-covering. c. p is a disk-hedgehog covering if and only if it is an arc-covering and α ∼ const for every loop α at b 0 that is null-homotopic. c. Assume p is an arc-covering and α ∼ const for every loop α at b 0 that is null-homotopic. In view of b) and 3.15 it suffices to show p is a disk-covering.
Suppose
Here is an inner description of arc-hedghehog coverings: Proof. Pick e 0 ∈ E with p(e 0 ) = b 0 and declare two paths α and β in B originating at
Given a point x ∈ E choose a path α x in E from e 0 to x and define h :
Since
If U is an open neighborhood of x in E, choose an open neighborhood V of p(x) with the property that the path component W of
Since h is bijective, it is a homeomorphism.
Supremums of coverings
Two coverings p 1 : E 1 → B and p 2 : E 2 → B are said to be equivalent if there is a homeomorphism h : E 1 → E 2 satisfying p 2 • h = p 1 . It turns out there is a set of coverings over B such that any disk-hedgehog covering over B is equivalent to one from that set. In that sense we may talk about the set of all disk-hedge coverings over B.
In this section we define a partial order on the set of all disk-hedgehog coverings over a fixed path-connected space B and we show this set has a maximum. That maximum plays the role of the universal covering space.
Definition 5.1. Suppose E 1 , E 2 are Peano spaces and p 1 : E 1 → B, p 2 : E 2 → B are disk-hedgehog coverings. We define the inequality (p 1 , e 1 ) ≥ (p 2 , e 2 ) of pointed coverings as follows: p 1 (e 1 ) = p 2 (e 2 ) and there is a continuous function f :
We define the inequality of unpointed coverings p 1 ≥ p 2 as follows: for every points e 1 ∈ E 1 and e 2 ∈ E 2 such that p 1 (e 1 ) = p 2 (e 2 ) we have (p 1 , e 1 ) ≥ (p 2 , e 2 ).
Lemma 5.2. If (p 1 , e 1 ) ≥ (p 2 , e 2 ) and (p 2 , e 2 ) ≥ (p 1 , e 1 ), then there is a homeomorphism h : E 2 → E 1 such that h(e 2 ) = e 1 and p 1 • h = p 2 .
Proof. Choose continuous functions f : E 1 → E 2 and g :
and f (e 1 ) = e 2 , g(e 2 ) = e 1 . As
Lemma 5.3. If p 1 is a regular disk-hedgehog covering and (p 1 , e 1 ) ≥ (p 2 , e 2 ), then
Proof. Choose a continuous function f :
Corollary 5.4. p ≥ p if and only if p is regular.
Proof. In view of 5.3 it suffices to show p is regular if p ≥ p. That follows from 3.9 as any f : E → E satisfying p • f = p must be a homeomorphism.
Definition 5.5. Suppose {p s : E s → B} s∈S is a family of disk-hegehog coverings of Peano spaces over a path-connected B and e s ∈ E s so that p s (e s ) = b 0 for all s ∈ S. (p, e) is the supremum of {(p s , e s )} s∈S if (p, e) ≥ (p s , e s ) for all s ∈ S and (p, e) is the smallest pointed covering with that property. Definition 5.6. Suppose {p s : E s → B} s∈S is a family of disk-hegehog coverings of Peano spaces over a path-connected B and e s ∈ E s so that p s (e s ) = b 0 for all s ∈ S.
The Peano fibered product of {(p s , e s )} s∈S is the pair (p, e), where p : E → B, e = {e s } s∈S , and E is the Peanification of the path-component of e in the subset of s∈S E s consisting of points {x s } s∈S such that p s (x s ) = p t (x t ) for all s, t ∈ S. The projection p is defined by p({x s } s∈S ) = p t (x t ) for any t ∈ S.
Proposition 5.7. Peano fibered product of a family of pointed disk-hedgehog coverings is the supremum of that family.
Proof. If q : E
′ → B and (q, e ′ ) ≥ (p s , e s ) for all s ∈ S, then there are maps g s : E ′ → E s so that q = p s • g s and g s (e ′ ) = e s for each s ∈ S. The collection {g s } s∈S induces a map g : E ′ → E satisfying g(e ′ ) = e and p • g = q. Thus (q, e ′ ) ≥ (p, e). Suppose b 0 = p({e s } s∈S ), {e s } s∈S ∈ E, and f : (H, 0) → (B, b 0 ) is a map from a disk-hedgehog. Create lifts f s : (H, 0) → (E s , e s ) of f with respect to p s . That defines a map f : H → E by f (x) = {f s (x)} s∈S that is a lift of f with respect to p.
That proves existence of lifts -a proof of uniqueness is obvious.
Proposition 5.8. If p : E → B is a disk-hedgehog covering and e 0 ∈ E, then the Peano fibered product of all p : (E, e) → (B, p(e 0 )), e ranging over all points in the fiber F of p containing e 0 , is regular.
Proof. Suppose α is a loop in B at b 0 = p(e 0 ) such that for some {x e } e∈F in the fiber of q, α · {x e } e∈F = {x e } e∈F . That means α · x e = x e for all e ∈ F .
Since both {x e } e∈F and {e} e∈F can be joined by a path in the Peano fibered product, there is a loop β at b 0 in B such that β ·{e} e∈F = {x e } e∈F . Thus β ·e = x e and (α * β) · e = β · e for all e ∈ F . Plugging in β −1 · e ∈ F for e in the equation (α * β) · e = β · e gives α · e = e for all e ∈ F . That implies α · {y e } e∈F = {y e } e∈F for all {y e } e∈F in the fiber of q, i.e. q is regular.
Notice the Peano fibered product of all z → z n is the covering t → exp(2πti) of reals over the unit circle.
Corollary 5.9. Every path-connected space B has a maximal disk-hedgehog covering among those with total space being Peano. It is a regular covering.
Proof. Pick b 0 and consider the space of paths P (B, b 0 ) in B starting at b 0 . For every disk-hedgehog covering p : E → B, E is an image of a function from P (B, b 0 ) obtained by lifting paths (the lifts start at e 0 ∈ p −1 (b 0 ). That means there is a set {p s : E s → B} s∈S of disk-hedgehog coverings with the property that for any disk-hedgehog covering p : E → B there is s ∈ S and a homeomorphism h : E → E s such that p = p s • h. We only consider disk-hedgehog with Peano total space. Take the Peano fibered product of {p s : E s → B} s∈S . It must be a regular disk-hedge covering but it is easier to use 5.8 and produce the maximal covering that is regular.
Hedgehog fundamental group
Definition 6.1. Given a path-connected space B and b 0 ∈ B define the hedgehog fundamental group π(B, b 0 ) of (B, b 0 ) as the monodromy group π(p, b 0 ), where p : E → B is the maximal disk-hedgehog covering over B. Proof. Let f (b 1 ) = b 2 . Consider the maximum disk-hedgehog covering p 2 : E 2 → B 2 and pick e 2 ∈ p −1 2 (b 2 ). Take the path-component of (b 1 , e 2 ) in {(x, y) ∈ B 1 × E 2 |f (x) = p 2 (y)}, Peanify it to get E and let q : E → B 1 be the projection onto the first coordinate. Notice q is a disk-hedgehog covering. Let p : E 1 → E be the maximum disk-hedgehog covering over E. Notice p 1 = q • p is the maximum disk-hedgehog covering over E 1 . If a loop α in B 1 at b 1 has all lifts to E 1 that are loops, then all lifts of α to E must be loops. Given a lift β in E 2 of f • α, the map t → (α(t), β(t)) is a lift of α in E. As it is a loop, β must be a loop as well. Consequently, if two loops in B 1 at b 1 are similar, so are their images in B 2 which is sufficient to conclude there is a natural homomorphism from π(B, b 1 ) to π(B 2 , f (b 1 )). Proposition 6.3. If p : E → B is a regular disk-hedgehog covering and p(e 0 ) = b 0 , then one has a natural exact sequence
Proof. Choose a maximal disk-hedgehog covering p 1 : E 1 → E over E, where E 1 is a Peano space. Notice p • p 1 is a maximal disk-hedgehog covering over B.
The kernel of π(B, b 0 ) → π(p, b 0 ) consists exactly of loops whose all lifts to E are loops. In particular, the kernel is contained in the image of π(E, e 0 ) → π(B, b 0 ). Obviously, the image of π(E, e 0 ) → π(B, b 0 ) is contained in that kernel.
Any loop in E at e 0 that becomes trivial in π(B, b 0 ) must have all lifts in E 1 as loops. That means π(E, e 0 ) → π(B, b 0 ) is a monomorphism. Theorem 6.4. Suppose p : E → B is a disk-hedgehog covering of path connected spaces. Suppose f : X → B is a map from a Peano space, x 0 ∈ X and e 0 ∈ E with f (x 0 ) = b 0 = p(e 0 ). f has a lift g : (X, x 0 ) → (E, e 0 ) if and only if the image of π(X, x 0 ) → π(B, b 0 ) is contained in the image of π(E, e 0 ) → π(B, b 0 ).
Proof. Only one implication is of interest, so assume the image of π(X, x 0 ) → π(B, b 0 ) is contained in the image of π(E, e 0 ) → π(B, b 0 ).
Given a point x ∈ X pick a path α x in X from x 0 to x and define g(x) as α x · e 0 . g(x) does not depend on the choice of α x : choosing a different path β x leads to a loop γ in E at e 0 such that [β x * α
Given any map q : H → X from a disk-hedgehog H to X, the composition g • q : H → E is the only possible lift of f • q, hence it is continuous. By 3.3, g is continuous.
Corollary 6.5. Suppose p : E → B is a disk-hedgehog covering with E being Peano and e 0 ∈ E. π(E, e 0 ) = 0 if and only if p : E → B is the maximal disk hedgehog-covering over B.
Proof. If p is maximal, then E does not admit any non-trivial disk-hedgehog covering and π(E, e 0 ) = 0. If π(E, e 0 ) = 0, then given any other disk-hedgehog covering q : E 1 → B there is a lift g : E → E 1 of q proving p is maximal. Since the identity map P (B) → B from the Peanification of B to B induces isomorphisms of both the classical fundamental group and the hedgehog fundamental group, we will consider both Problems 7.1 and 7.2 for Peano B spaces only. In particular, we differ with [10] in that regard.
Recall B is shape injective if the natural homomorphism π 1 (B, b 0 ) →π 1 (B, b 0 ) from the classical fundamental group to theČech fundamental group is a monomorphism. Papers [11] , [7, Corollary 1.2 and Final Remark], [6] , and [9] contain results that various classes of spaces are shape injective. We will generalize the concept of shape injectivity as follows: Definition 7.3. B is residually Poincaré if for every loop α in B that is not null-homotopic there is a map f : B → P such that P is a Poincaré space and f • α is not null-homotopic.
Proof. Clearly, it is so if B is a Poincaré space as it has the classical universal cover that is simply connected. Given a non-trivial element Proof.
Define a map α from the 1-skeleton of the nerve N (U) to B as follows: each vertex V of the nerve is mapped to b V and each edge V W is mapped to a path α V W in V ∪ W joining b V and b W .
Given an edge-path in the nerve from V 0 to V followed by a loop around a triangle that belongs to the nerve, then followed back by the path-edge results in a loop that is mapped to the star st(b V , U) of b V in U, hence α induces a homomorphism j from π 1 (N (U), V 0 ) to π(B, b 0 ) .
Given a loop λ in B at b 0 , we can represent it as the concatenation of paths γ i , 0 ≤ i ≤ n, such that the carrier of γ i is contained in V (i) ∈ U, and V (0) = V 0 = V (n). Pick a path ω i in V (i) joining γ i (1) and b V (i) . Notice each γ i is equivalent to
i , so replacing it by that path results in a loop in the image of j that is equivalent to λ. That proves j is an epimorphism.
To show it is a monomorphism, assume there is an edge-loop in the nerve that is mapped to a loop in B being trivial in π(B, b 0 ). Choose a partition of unity φ : B → N (U) sending b 0 to V 0 ∈ U. The composition of j : π(N (U)) → π(B, b 0 ) and the homomorphism induced by φ is the identity.
Indeed, for each V ∈ U choose a path
As their intersection is contractible, the union is simply connected and the composition of j : π(N (U)) → π(B, b 0 ) and the homomorphism induced by φ is the identity. Proof. By 3.14 every point b ∈ B has a path-connected neighborhood U b such that the maximal disk-hedgehog covering p : E → B has a section over U b . That implies π(U b , b) → π(B, b) is trivial. Choose a star-refinement V of {U b } b∈B and apply 7.5 to any refinement U of V.
Let us show that the analog of the famous result of Shelah [19] (see also [18] ) stating that the fundamental group of a Peano continuum is finitely generated if it is countable not only holds for the hedgehog fundamental groups but it also has a much simpler proof. Proof. Consider the maximal disk-hedgehog covering p : E → B. 3.11 says its fibers are Baire spaces. Since they are countable, they must be discrete. Apply 7.6.
Let's turn to Problem 7.1. First, let us show that every small loop belongs to the kernel of π 1 (B, b 0 ) → π(B, b 0 ). It shows that the hedgehog fundamental group eliminates some of the pathologies of the classical fundamental group.
Recall (see [21] ) that a loop α at b 0 in B is called small if it can be homotoped relative to b 0 into any neighborhood U of b 0 in B. By a medium loop we mean a loop α at b 0 that is not small and its homotopy class [α] belongs to the Spanier group. By a big loop we mean a loop α at b 0 that is neither medium nor small. Given any classical covering projection q : E → B with each member of U being evenly covered one can construct f : P (B, b 0 , ∼) → E such that q • f = p by lifting paths.
Suppose q : E → B, E Peano, is a disk-hedgehog covering with q(e) = b 0 and maps f U : E → P (B, b 0 , ∼ U ) such that f U • p U = q for each open cover U of B.
Here α ∼ U β if and only if [α * β −1 ] ∈ π(U, b 0 ) and p U is the end-point projection. Given x ∈ E and two path α x , β x from e to x, the loop α x * β by requiring open neighborhoods of the base-point to contain all but finitely many 0 n 's (instead of all but finitely many I n 's) and get a connected space that is not path-connected (a modified topologist's sine curve).
Second, one can change the topology of the standard disk-hedgehog It is easy to construct examples of medium loops by connecting two Harmonic Archipelagos by an arc. However, there is a more interesting example of FischerZastrow [12] that can be used for that purpose. What is not clear is if that example does not become trivial once we kill all small loops.
